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Generalized Math Model
for Simulation of High-Altitude Balloon Systems
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Balloon systems have proved to be a cost-effective means for conducting research experiments (e.g., in-
frared astronomy) in the Earth's atmosphere. The purpose of this paper is to present a generalized
mathematical model that can be used to simulate the motion of these systems once they have attained float
altitude. The resulting form of the model is such that the pendulation and spin motions of the system are un-
coupled and can be analyzed independently. The model is evaluated by comparing the simulation results with
data obtained from an actual balloon system flown by NASA.

Introduction

BALLOON systems similar to the one shown in Fig. 1 are
employed extensively as a cost-effective means of con-

ducting various experiments in the Earth's atmosphere.1 In
many of these experiments, it is necessary to stabilize the
research platform or determine its orientation (as a function
of time) in order to process the experimental data. This can
be accomplished with the use of auxiliary control or attitude
determination systems. Hence, it is necessary to employ
reliable mathematical models for balloon system simulation
in order to design the auxiliary systems or determine whether
they are actually necessary to process the experimental data
within the required precision.

The main purpose of this paper is to present a general
mathematical model that can be used to simulate the motion
of balloon systems once they have attained equilibrium at
float altitude. The model is evaluated by comparing simula-
tion results with data obtained from an actual balloon
system flown by NASA. The research reported in this paper
is an extension of previous work reported in Refs. 2-8.

System Idealization
The motion of balloon systems (such as the one shown in

Fig. 1) is very complex and involves various coupled motions
including bounce, horizontal translation, pendulation, and
spin. The complexity of the motion increases with the
number of connectors used in the system. The development
of a mathematical model that can be used to predict this mo-
tion is complicated by a number of factors: 1) the balloon
subsystem is a flexible (distributed parameter) system with
motion in an infinite fluid medium, 2) the system is sub-
jected to wind gusts that are difficult to predict, and 3) the
motion of the kinematic joints connecting the links is
sometimes difficult to model. The latter is true, for example,
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in the case of the ring-and-clevis connectors employed in
many balloon systems.

The mathematical model for the balloon system is
developed by employing the rigid-body dynamic equations
that are coupled, through the boundary conditions, with the
fluid dynamic equations. The resulting model is very com-
plex and consists of a system of coupled partial and ordinary
differential equations. For purposes of this research, the
model is simplified by making the following idealizations:

1) The system is treated as a mechanical system comprised
of three rigid links connected by idealized spherical joints.
The system is lumped as shown in Fig. 2; i.e., the balloon
and research platform are treated as rigid-body links with
distributed mass, while the interconnecting suspension
system is idealized as a link comprised of point masses con-
nected by an inextensible line.

2) The balloon is treated as an equivalent rigid body. The
aerodynamic forces and torques, which result from the in-
teraction of the balloon and fluid (air and helium), are
treated as external reactions acting on this rigid body.

3) The coupling effect of the suspension system is included
by assuming that it has equivalent torsional stiffness, tor-
sional moment of inertia, and torsional damping. The tor-
sional stiffness and damping are functions of the type of
joints, the magnitude of the relative spin motion between the
balloon and platform, and the torsional properties of the
suspension system. Thus, the torsional stiffness is zero for
the case of a suspension comprised of rigid links connected
by ideal ball-and-socket joints. Clearly, it is difficult to
determine these parameters in the case of a suspension
system comprised of ring-and-clevis joints or where one of
the links consists of a parachute. (See Fig. 1.) The effect of
the torsional stiffness and damping in the platform connec-
tor (such as the one shown in Fig. 1) are also included in the
model.

4) The viscous drag forces acting on the suspension links
and research platform are neglected. The viscous drag reac-
tions included in the development of this model are the aero-
dynamic drag forces acting on the balloon, the aerodynamic
drag torque that retards the spin (torsion) of the balloon,
and the drag torque that results from torsional damping in
the suspension. The drag torque components that arise due
to the pendulation of the links are neglected since these are
small relative to the gravity torque components. All viscous
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drag forces and torques are linearized in order to facilitate
uncoupling of the resulting form of the system model.

5) In general, all velocities, accelerations, and dis-
placements of the balloon system are assumed to be small.
The only exceptions to this are the absolute horizontal
translational and spin displacements of the system. The
relative spin displacements between adjoining links, as well
as the variations in the float altitude due to changes in the
properties (or losses) of helium, are assumed to be small.

6) External forces acting on the balloon due to the
presence of wind gusts are included in this model in order to
study their effect on the motion of the system. However, the
variation of wind gusts in the spatial directions is neglected.

Kinematics
The configuration of the idealized system shown in Fig. 2

can be prescribed in terms of 12 generalized coordinates. The
following generalized coordinates were chosen for this
research; i.e., three translational coordinates to locate m0 at
the mass center of the balloon and nine rotational coordinates
to prescribe the orientation of the three links. The reference
coordinate system is assumed to be an inertial system whose
origin coincides with the initial location of m0 and whose
orientation is coincident with the initial orientation of the
research platform body axes. In most cases, these initial coor-
dinate values are obtained from radar tracking and from in-
strumentation (e.g., magnetometers) attached to the research
platform.

There are several sets of Euler angles that are possible for
fixing the orientation of the links. The set chosen for this
research is one that leads to the uncoupling of the math model.
The sequence of three rotations (see Fig, 3) that define this set
is given as follows: 1) a positive rotation 63 about the x3
axis, 2) a positive rotation 62 about the new position of the
Xj (i.e., the *7') axis, and 3) a positive rotation 0; about the x"2
axis. The angles 07 and 62 measure pendulation in the x'j x3
andx'2x'3 planes, respectively, while the angle 63 measures spin
about the x3 axis.

radar reflector

connector

AFCRL system parachute

flight control electronics

instrumentation

The angular velocity w ( / ) for the /th (/ = 1,2,3) link is given
in terms of the Euler angles and their rates as

p = - OP sin 0jf>cos OP + OP cos OP

wp =(?j')cos op Cos op + OP sin op (1)

where

coj0 = component of the angular velocity of the /th link along
x^JOp = angle describing orientation of /th link

xj0 =yth body axis with origin at mi
eji} = unit vector along jcj0

Under the assumption of small motion, Eq. (1) simplifies to

(*P=6P, wp=6p, and up =6p (2)

The expressions for the components of the translational
velocities of m^i— 1,2,3) are given as

(3)

where

£(°) = velocity of balloon mass center
£(/) _ veiocity of mt

.tij°) = component of v(0) along x}3) axis
rj — length of the yth link

e}3) =unit vectors along the body axis is fixed in the research
platform with origin at m3

x(0) =x•*/ •*/

Equation (3). was obtained by resolving v ( i ) into com-
ponents along the research platform body axes and then
employing the small-angle approximation. (See idealization
5.)

Fig. 1 Balloon system for conducting research in Earth's
atmosphere.

Suspension Link

Fig. 2 Idealized balloon system.
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Lagrange's Equations
The general form of Lagrange's equation is given as

follows; i. e.,

d dL
(4)

where n is the number of degrees of freedom, #, the general-
ized coordinate, L = T-V, T the system kinetic energy, V
the potential energy, and Q, the generalized force associated
with q f .

The kinetic energy T for the generalized balloon system
shown in Fig. 2 can be calculated from the following
expressions:

T= £)

Generalized Forces
The generalized forces Qf stem from the presence of the

aerodynamic reactions acting on the balloon and the tor-
sional properties of the suspension system. The aerodynamic
reactions included in this development are the dynamic
buoyancy forces, inertia drag forces, inertia drag torques,
viscous drag forces, and viscous drag torques. Additional
generalized forces due to the equivalent torsional stiffness
and damping in the suspension system and connectors are
also included. A detailed discussion of the aerodynamic reac-
tions can be found in Ref. 2.

The absolute acceleration of the fluid (air) approaching
the balloon results in a uniform pressure drop across the
balloon in the direction of the acceleration of the fluid. This
pressure drop, when integrated over the balloon surface,
results in a force that acts on the balloon in the direction of
the fluid acceleration. The force acts at the center of buoy-
ancy of the balloon and is termed the dynamic buoyancy
force. The expressions for the resulting generalized forces are

(5)

where m0 is the mass of balloon shell and helium, I^} the
principal moment of inertia (of the jth link) with respect to
the x^ body axis, and Vj(i) the velocity component of m,
along the xj3) axis.

The system potential energy (V) is due to the presence of
the static buoyancy and gravity forces. It is given (with
respect to a horizontal reference located at m0) by the
following expressions:

y= LI
i = 0

V(0)=F e5cos 07
( / )cos

F= y^
cos

(6)

where Vb is the volume of balloon, pa the density of air at
float altitude, g the acceleration of gravity at float altitude,
F the static buoyancy force, K(0} the equivalent spring con-
stant due to small variations in the static buoyancy force at
float altitude, P0 the pressure of air at float altitude, t\h the
ratio of specific heats (cp/cv) for helium, and e3 the distance
along jcj;) axis between the center of mass and center of
volume of the balloon.

It should be noted that the distance e3 is zero for a
spherical balloon; however, the center of volume is usually
located below the center of mass in the case of zero pressure
balloons.

<^3(n=paVb[e,w^-e2w^] (7)

where Q* is the generalized dynamic buoyancy force
associated with q,, vv/0> the component of gust acceleration

Fig. 3 Euler angle rotations.

Fig. 4 Modal shapes for LACATE system.
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in the e{3) direction, and elt e2, e3, the eccentricity com-
ponents (in x}!) direction) of the dynamic buoyancy force
measured relative to the balloon center of gravity.

The eccentricity parameters e7, and e2 are introduced in Eq.
(7) in order to enable designers to study the effect of the exter-
nal disturbances exciting spinning motion of the balloon
system. In this development, it is assumed that the parameter
e5 is much greater than e; and e2. The effect can be eliminated
by setting e/ = e2 = 0.

A balloon undergoing translational and angular accelera-
tion in a fluid medium is subjected to resisting forces and
torques even if the fluid is nonviscous. These resisting forces
and torques, termed inertia drag forces and torques, have the
same effect as that obtained by increasing the mass and mo-
ment of inertia of the balloon. The expressions for the
resulting idealized generalized inertia forces are

where £,- is the drag coefficient, \u\0) — w/0) I the estimated
average relative velocity value, w/0) the component of wind
gust velocity in the e!0) direction, \),a the dynamic viscosity of
air, A i the projected cross-sectional area (perpendicular to
x\0)), and a a constant defined in Ref. 2.

The generalized torsional forces which arise due to the tor-
sional properties of the suspension and platform connectors
have the following form:

(12)

where Q!
q. is the generalized inertia drag force associated with

<?,, jwp the apparent equivalent mass ( = kpaVb), k the con-
stant (see Ref. 2) depending on the shape of the balloon, 7p
the apparent equivalent moment of inertia with respect to the
x/7> axis, and c o / 7 > = 0 / 7 > . ^

The expression for //*> in Eq. (8) is a function of th^
magnitude of the balloon's radius, angular velocity, angular
acceleration, and Reynolds number. Approximate values of
7/Pcan be obtained from

where Qs
qi is the generalized force due to torsional properties

of the suspension system. k(2) the equivalent torsional stiff-
ness of the suspension connector, c(2) the equivalent tor-
sional damping coefficient for the suspension connector, k(3)

the equivalent torsional stiffness of the platform connector,
and c(5) the torsional damping of the platform connector.

Generalized Math Model
The form of the generalized math model is obtained by

substituting the expressions from Eqs. (5-12) into Lagrange's
equation (4). The resulting expression for the generalized
force Qj is obtained by summing the corresponding contribu-
tions from Eqs. (7-12). The final form of the model is as

irp D5

12

12

L94(Pa^)°-5D4

(9)

where

D — diameter of an equivalent sphere with volume Vb
') | = estimated average value of the balloon's spin

velocity
/>ta = dynamic viscosity of air
ph = density of helium
«> = [ \6y>\/2ra]°'5

va, vh = kinematic viscosity of air and helium, respectively

The expressions for the generalized forces which result
from the aerodynamic viscous drag forces and torques acting
on the balloon are

where Q^ is the generalized viscous drag force associated
with coordinate qh C\0) the equivalent translational damping
coefficient, and c(1) the equivalent torsional damping
coefficient.

The equivalent damping coefficients in Eq. (10) can be
estimated from

(1 = 7,2,3)

VARIABLE

VORIG

VPEAX

TDELAY

TRISE

TWIDTH

TFALL

TREPEAT

CASE 1

0.0 m/sec

1.52 X 10'3m/s

0.0 sec

1.5 sec

6.0 sec

1.0 sec

25.05 sec

CASE 2

0.0 m/sec

1.52 x 10-3m/s

0.0 sec

1.0 sec

6.0 sec

1.05 sec

15.0 sec

Fig. 5 Pulse form of wind gust velocity.

(ii)
o 5 in js ?n

1 1 r u ( s i r >
Fig. 6 Platform angular velocity vs time (case 1).
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(i = 1,2,3)

where

0

0

[ ( - I ) 1 [ ( - I ) 1 r2o2]

[(r ,r2a2)]

[(-7) ' r2a2]

(13)
0 0

0 0

0

0 0 7jj>

A close inspection of Eq. (13) reveals that the general mo-
tion of the idealized balloon system is comprised of the follow-
ing uncoupled motions: 1) translation and pendulation in the
plane of the x\3)x'33) body axis, 2) translation and pendulation
motion in the x^3)x3

3) plane, 3) spin motion about the x3
3)

axis, and 4) bounce in the direction of the x3
3} axis. Note that

the two planar motion models (/= 1,2) are identical in form.
Although the various models are uncoupled, the spin model

must be solved first (unless e} = e2 = 0) since the components of
w/0) and w/0) in Eq. (13) are rewritten as

C; =

[C/°>] 0 0 0

0 000

0 000

0 000

} = W

03
3

_ c(2)

0

0 0 0 0 0

0 [(rjaj-e3a0)g] 0 0 0

0 0 [r2o2g] 0 0

0 0 0 0 [r3a3g]

K(0)

0

0

0

0

0

) = W (14)

where Wis Wt ( /= 1,2,3) are components of the wind gust
velocity and acceleration along the inertial reference axis.

Equation (14) was developed by assuming small values for
W2, W3, e\3 The values of 63

3) (and hence
wj0)) are obtained by first solving the spin model and then
substituting these into the pendulation model.

The general motion of the balloon system is obtained by
solving Eq. (13) on the digital computer. For this purpose, the
math model is rewritten in state variable form as

where

A; = Mr7 ff

(15)

where 6 is the null vector and / the identity matrix.
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Table 1 Properties of the idealized LACATE system

c (7 )=0.01b-s/ft
c ( 2 )=c ( 5 )=0.01b-s/ft
D = 420 ft (128m)
g = 31.7 ft/s2 (9.66 m/s2)
7jj>=/j j> = 1.57xl06 slug -ft2 (2.13x 106 kg-m2)
/JJ)=/P= 0.064xlO6 slug -ft2 (0.087X106 kg-m2)
7jj> =2.12x 106 slug -ft2 (2.87x 106 kg-m2)
7^*)= 2.44 xlO6 slug -ft2 (3.31X106 kg-m2)
/jf) = /jf> -0.0 slug -ft2 (0.0 kg-m2)
/jj> =6.0 slug -ft2 (8.13 kg-m2)
k(2) =250 Ib/ft (3650 N/m)
A"(0)=0.121b/ft (1.75 N/m)
OTO= 103.7 slug (1.51 XlO 3 kg)
mj= 4.20 slug (61.2 kg)

w2 = 4.20 slug (61.2 kg)
/Hj = 11.66 slug (170 kg)
mp-154.0 slug (2.25 X l O 3 kg)
r,=222 ft (67.7 m)
r2 = 75 ft (22.9 m)
r5 = 15 ft (4.57m)
Vb = 39.0xlO6 ft3 (1.104xlO6 m3)
a = 0.16
e 7= 6 2=0.0 ft (0.0m)
e5=23.7 ft (7.22m)
fjLa = 3.6x\0~1 slug/ft-s (1.72xlO-5 kg/m-s)
A*A = 3.5xlO-7 slug/ft-s (1.68 x lO- 5 kg/m-s)
pa = 7.9xlO-6 slug/ft3 (4.07xlO-3 kg/m3)
pA = 3.6xH)-7 slug/ft3 (1.86X10-4 kg/m3)

Table 2 Results from modal analysis

i Frequency Q, rad/s Period T/, s Eigenvector Xj

1 0 —

2 0.14 46.1

3 0.74 8.51

4 3.04 2.07

" 1 "

0

0

0

1.0

0.60 X l O - 1

0.76X10-2

L 0 . 7 6 x l O ~ 2

1.0

-0.37X10-1

0.35

0.34

1.0

-0.35X10-1

5.2

-34.37

*{V x 103

(rad/sec)

20 25
T I M E (SEC)

Fig. 8 Platform angular velocity vs time (case 2).

There are many instances in which it is desirable to deter-
mine the natural frequencies and modal shapes of the balloon
system. The following simplified form of Eq. (13) is used for
this purpose:

(16)

The system natural frequencies and corresponding modal
shapes are obtained by solving the eigenvalue problem
resulting from Eq. (16); this is given as

(Ki-Q?Mi)X=6 (i = 1,2,3) (17)

Fig. 7 Platform angular displacement vs time (case 1).

where 07...0N/ are the system natural frequencies, Xj...XNi
the eigenvectors defining the modal shapes, and N, the order
of the MI and Kt matrices.

Results
The math model developed in this study was used to

simulate the motion of the LACATE balloon system shown
in Fig. 1 and the results were compared with actual flight
data in order to obtain some indication of the validity of the
model. The LACATE system was employed in an experiment
by NASA engineers in order to sense remote vertical profiles
of temperature and the concentration of selected at-
mospheric trace constituents. The system was launched from
White Sands Missile Range in May 1974 and consisted of a
39.0xl06ft3 (1.104xlO6 m3) zero pressure balloon, a
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T I M E ( S E C )

Fig. 9 Platform angular displacement vs time (case 2). Fig. 12 Comparison of predicted and actual velocity (3).

Fig. 10 Comparison of predicted and actual velocity (1).

11 VI 1 1 <! 6
I I M l

Fig. 11 Comparison of predicted and actual velocity (2).

recovery AFCRL parachute, flight control electronics, and
an observational (research) platform. The observational plat-
form housed a 10 channel radiometer, 3 orthogonally
oriented rate gyros, 2 magnetometers, temperature and water
vapor pressure sensors, transmitters, and batteries. The plat-
form, suspension system, and balloon were connected by
ring- and clevis-connectors.

The LACATE balloon system was designed to attain a
float altitude of 130,000 ft (40,000 m) at 32.6°N latitude and
106°W longitude. Data from the gyros and magnetometers
were recorded continuously and telemetered back to ground

control after the system reached float altitude. Additional
data on the balloon's horizontal and vertical trajectory com-
ponents were obtained from a radar tracking installation.
The data recording process was continued over a period of
approximately 5 h beginning at 5 h, 5 min, 20 s Mountain
daylight time. The line cutter was activated at the end of the
experiment and the platform returned to ground via the
parachute.

For simulation purposes, the Lacate system was idealized
as one comprised of three links (i.e., balloon, research plat-
form, and one link suspension system) as shown in Fig. 2.
This idealization was based on the number and location of
the ring-and-clevis connectors (see Fig. 1). Properties of the
idealized balloon system are presented in Table 1. These
properties were used to compute the values of mff, /Pete.,
which are also given in Table 1. The magnitudes of the
values of elf e2, k(2}, c(2), k(3} and c(5) were not available
and hence these were based (when possible) on results from
actual flight data. It is of interest to note that the values of
m^ and /j^ are significant in comparison to the respective
values of m0 and 7jJ) while the values of Iff and /P are
negligible in comparison to /jj} and /]]>.

The natural system frequencies and modal shape functions
for the pendulation model (/ = 1,2) were obtained by solving
Eq. (17) on the computer and the results are presented in
Table 2. The shape functions are plotted in Fig. 4 for ease of
interpretation. The results in Table 2 and Fig. 4 indicate the
following:

1) The first (zero frequency) mode consists of a pure
translation of the entire system.

2) The second mode consists primarily of a pendulation
oscillation of the balloon.

3) The third mode consists primarily of an in-phase pen-
dulation oscillation of the suspension links and research
platform.

4) The fourth mode consists primarily of a pendulation
oscillation of the platform.

The pendulation motion of the LACATE balloon system
due to the effect of the wind gusts was simulated by employ-
ing a numerical algorithm and solving Eq. (15) on the digital
computer. Typical results for the pendulation angle 0J5) and
angular velocity 0J5) are plotted in Figs. 6-9. These results
were obtained by assuming a wind gust velocity form recom-
mended by NASA engineers, See Fig. 5.

A close inspection of Figs. 6-9 reveals that the wind gust
input excites (primarily) the third and fourth normal modes
of the system. As expected, the contribution of the fourth
normal mode is less significant in the integrated 0jJ) (i.e.,
0J5)) curve. Moreover, the maximum value of 0/5) is
extremely small; i.e., less than 0.02 deg. Clearly, this is a
function of the magnitudes of Kpeak and rrise selected in this
studv. The behavior was also observed for other nulse forms
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of wind gust inputs with different values of Fpeak and rrise.
This type of behavior is similar to that reported by others
who have investigated the wind gust response of buoyant
vehicles with slung loads.9"12

Results for the platform angular velocity due to the wind
gust input were compared with actual gyro data furnished by
NASA in order to obtain some verification of the system
pendulation model. The pulse form of the wind gust shown
in Fig. 5 was again employed for this purpose; however, the
magnitudes of the input parameters were systematically ad-
justed until an optimal fit was obtained. Typical com-
parisons of results for 0J5) are shown in Figs. 10-12. The
agreement of these fits indicates that the system pendulation
model presented in this paper yields very realistic results. The
agreement can be improved further by adjusting the model
input and/or characteristic parameters. This can be ac-
complished by employing the parameter estimation methods
discussed in Refs. 4-6.

The torsional model [Eq. (13), /=3] developed in this
study is a generalization of torsional models reported in Ref.
13. The evaluation of this model will be a topic for future
research.
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